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Abstract. In this paper, under Acquistpace-Terreni conditions, we make ex- 
tensive use of interpolation spaces and exponential dichotomy techniques to ob- 
tain the existence of weighted pseudo almost periodic solutions to some classes 
of nonautonomous partial evolution equations. Applications include the exis- 
tence of weighted pseudo almost periodic solutions to a nonautonomous heat 
equation with gradient coefficients. 



1. Introduction 



Let (X, || • ||) be a Banach space and let < a < j3 < 1. The main impetus 
of the present work is a recent paper by the author |21j in which, the existence 
of weighted pseudo almost periodic solutions to the classes of autonomous partial 
equations 



(1.1) 



d_ 

dt 



u{t) + f(t,Bu(t)) 



Au(t) + g(t,Cu{t)), t€ 



where A is a sectorial operator, B and C are closed linear operators, and / : 
RxXh>X^,j:MxXh>X are pseudo almost periodic function in t € R uniformly 
in u G X. For that, the author assumed that the analytic semigroup (T(i)) t >o is 
hyperbolic, equivalently, <j(A) (~1 iM. = 0, and made extensive use of interpolation 
spaces to obtain the existence of weighted pseudo almost periodic solutions to Eq. 

In this paper, we consider a more general setting and use slightly different tech- 
niques to study the existence of weighted pseudo almost periodic solutions to the 
the class of abstract nonautonomous differential equations 



(1.2) 



u(t) + f(t,B(t)u(t)) 



A{t)u{t) + g(t,C(t)u(t)), te 



where A(t) for t £ R is a family of closed linear operators on D(A(t)) satisfying 
the well-known Acquistapace-Terreni conditions, B(t),C(t) (t s R) are families of 
(possibly unbounded) linear operators, and / : R x X h-> X^, g : R x X n- X are 
weighted pseudo almost periodic in t £ R uniformly in the second variable. Under 
the previous assumptions, it is well-known that there exists an evolution family 
U = {U(t, s)}t> s associated with the family of operators A(t) (t £ R). Assuming 
that the evolution family IA = U(t, s) is exponentially dichotomic (hyperbolic) and 
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under some additional assumptions it will be shown that Eq. (|1.2[) has a unique 
weighted pseudo almost periodic solution. 

The main result of this paper (Theorem l3.6[) generalizes most of the known results 
on (weighted) pseudo almost periodic solutions to autonomous and nonautonomous 
differential equations, especially those in [TD1 H31 UH H3 US [T7J [HI HH HOI [221 

nan mum. 

The existence of almost periodic, almost automorphic, pseudo-almost periodic, 
and pseudo-almost automorphic constitutes one of the most attractive topics in 
qualitative theory of differential equations due to their applications. Some contri- 
butions on (weighted) pseudo-almost periodic solutions to abstract differential and 
partial differential equations have recently been made, among them are O I10[ I13[ 
[151 [161 [TSl [191 [201 EUl |44l [451 [46] . However, the existence of weighted pseudo-almost 
periodic solutions to the partial evolution equations of the form Eq. (|1.2j) is an 
untreated original topic, which in fact is the main motivation of the present paper. 

The paper is organized as follows: Section 2 is devoted to preliminaries facts 
related to the existence of an evolution family. Some preliminary results on inter- 
mediate spaces are also stated there. In addition, basic definitions and results on 
the concept of pseudo-almost periodic functions are given. In Section 3, we first 
state and prove a key technical lemma (Lemma l3.2p ; next we prove the main result. 

2. Preliminaries 

This section is devoted to some preliminary results needed in the sequel. We 
basically use the same setting as in [7] with slight adjustments. 

In this paper, (X, || • ||) stands for a Banach space, A(t) for t € R is a family 
of closed linear operators on D{A{t)) satisfying the so-called P. Acquistapace and 
B. Terreni conditions (Assumption (H.l)). Moreover, the operators A(t) are not 
necessarily densely defined. The (possibly unbounded) linear operators B(t),C(t) 
are defined on X such that the family of operators A(t) + B(t) + C(t) are not trivial 
for each t G R. 

The functions, JilxX^Xj, (0 < a< /3 < 1), g : R x X ^ X are respectively 
jointly continuous satisfying some additional assumptions. 
If L is a linear operator on X, then: 

• p(L) stands for the resolvent of L, 

• cr(L) stands for the spectrum of L, 

• D(L) stands for the domain of L, 

• N(L) stands for the nullspace of L, and 

• R(L) stands for the range of L. 

Moreover, one defines 

R(X,L) := (XI -L)- 1 

for all A G p{A). 

Throughout the rest of the paper, we set Q(s) = I — P(s) for a family of pro- 
jections P(s) with s G R. The space £?(Y,Z) denotes the collection of all bounded 
linear operators from Y into Z equipped with its natural topology. When Y = Z, 
then this is simply denoted by B(Y). 

2.1. Evolution Families. (H.l). The family of closed linear operators A(t) for 
t G R on X with domain D(A(t)) (possibly not densely defined) satisfy the so-called 
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Acquistapace-Terreni conditions, that is, there exist constants oj G R, 6 6 ^§,7r\ 
K,L > and /x, v G (0, 1] with /i + ^ > 1 such that 

(2.1) S 9 u{o}c/)(#)-u)3A, i?(A,A(<) -w) 



A' 



and 



(2.2) (^(t) - a; Wa, A(t) - r{u,A{^-B.(u,A{s)\ 



< L 



for t, s e R, A e S e := { A G C \ {0} 



argA 



< 



Note that in the particular case when A(t) has a constant domain D = D(A(t)), 
it is well-known [4j [36] that Eq. (|2.2[) can be replaced with the following: There 
exist constants L and < 7 < 1 such that 



(2.3) 



A(t)-A(s))R(u,A(r)) 



< L 



t - s 



, s,t,r G 



It should mentioned that (H.l) was introduced in the literature by Acquistapace 
and Terreni in [21 [3] for w = 0. Among other things, it ensures that there exists a 
unique evolution family 

U = {U(t, s) : t, s G R such that t > s} 

on X associated with A(t) such that U(t, s)X C D(A(t)) for all t, s G R with t > s, 
and 

(a) ?7(i, s)f/(s, r) = f7(t, r) for t, s, r G R such that t > s > r; 

(b) ?7(t, t) = I for t G R where I is the identity operator of X; 

(c) (t, s) H> U(t, s) G B(X) is continuous for t > s; 

(d) U(-,s) G C 1 ((s, cxd), B(X)), — (t,s) = A(t)U(t,s) and 



at 



^(t) fe C/(t, s) <A(<-s) 



for < t - s < 1, fc = 0, 1; and 

(e) d+U(t,s)x = -U(t,s)A(s)x for t > s and x G D(A(s)) with A(s)x G 

It should also be mentioned that the above-mentioned proprieties were mainly 
established in [TJ Theorem 2.3] and [42l Theorem 2.1], see also 3, 41 . In that case 
we say that A(-) generates the evolution family U(-, •). 

Definition 2.1. One says that an evolution family U has an exponential dichotomy 
(or is hyperbolic) if there are projections P(t) (t G R) that are uniformly bounded 
and strongly continuous in t and constants S > and N > 1 such that 

(f) U(t,s)P(s)=P(t)U(t,s); 

(g) the restriction Uq(t,s) : Q(s)X — » Q(t)X of U(t,s) is invertible (we then 
set U Q (s,t) := U Q (t, s) -1 ); and 



(h) U(t,s)P(s) 
t,s G R. 



< Af e - 5 ( f - s ) and 



U Q (s,t)Q(t) 



< JVe^C"^ for f > s and 
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2.2. Interpolation Spaces. This setting requires some estimates related to U (t, s). 
For that, we make extensive use of the real interpolation spaces of order (a, oo) be- 
tween X and D(A(t)), where a £ (0,1). We refer the reader to the following 
excellent books [4], [23], and [33] for proofs and further information on theses in- 
terpolation spaces. 

Let A be a sectorial operator on X (assumption (H.l) holds when A(t) is replaced 
with A) and let a <E (0, 1). Define the real interpolation space 

X^:= jz£X: \\x\\a := sup r>0 ||r a ^4 - lj^r(t,A - ujx\\ < ooj, 

which, by the way, is a Banach space when endowed with the norm || • ||^. For 
convenience we further write 

X^:=X, \\x\\£:=\\x\\, X? := D(A) 

and \\x\\i := \\(w - A)x\\. Moreover, let X A := D(A) of X. In particular, we will 
frequently be using the following continuous embedding 

(2.4) D(A) ^Xf^ D((uj - A) a ) hX^X^cX, 

for all < a < f3 < 1, where the fractional powers are defined in the usual way. 

In general, D(A) is not dense in the spaces X^ and X. However, we have the 
following continuous injection 

(2.5) Xf <-> D[Aj Ha 
for < a < P < 1. 

Given the family of linear operators A(t) for t £ K, satisfying (H.l), we set 

for < a < 1 and i e R, with the corresponding norms. Then the embedding in 
(I2.4j) hold with constants independent of f 6 R. These interpolation spaces are of 
class J a (33, Definition 1.1.1 ]) and hence there is a constant c(a) such that 

(2.6) lltflli<c(a)||y|| 1 - a ||^(t)y|| a , y e D(A(t)). 

We have the following fundamental estimates for the evolution family U. Its 
proof was given in 7[ though for the sake of clarity, we reproduce it here. 

Proposition 2.2. For i e X, < a < 1 and t > s, the following hold: 

(i) There is a constant c(a), such that 

(2.7) \\U(t,s)P(s)x\\i<c(a)e-^(t-s)- a \\x\\. 

(ii) There is a constant m(a), such that 

(2.8) \\U Q (s,t)Q(t)x\\ s a <m(a)e- 5 ^\\x\\. 
Proof, (i) Using (|2.6[) we obtain 

\\U(t,s)P(s)x\\i < r(a)\\U(t,s)P(s)x\\ 1 - a \\A(t)U(t, S )P( S )x\\ a 

< r(a)\\U(t, s)P(s)x\\ 1 ~ a \\A(t)U(t, t - l)U(t - 1, s)P(s)x\\ a 

< r(a)\\U(t,s)P(s)x\\ 1 - a \\A(t)U(t,t- l)\\ a \\U(t - l,s)P(s)x\\ a 

< c (a)(t - s)- a e~^ t - s \t - s) a e-^ l - s) \\x\\ 
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for t — s > 1 and x £ X. 

Since (t — s) a e~ 2 (*~ s ) — > as t — > +00 it easily follows that there exists c\{a) > 
such that 

\\U(t,s)P(s)x\\ t a < c 1 (a)(<- S )- Q e-i( t ~^||.T||. 
If < £ — s < 1, we have 

\\U(t,s)P(s)x\\ t a < r(a)\\U(t,s)P(s)x\\ 1 - a \\A(t)U(t,s)P(s)x\\ a 

< r(a)\\U(t, S )P( S )x\\ 1 - a \\A(t)U(t, t ^)U( t ^, S )P( S )x\r 

< r(a)\\U(t, S )P( S )x\\ 1 - a \\A(t)U(t,^)\r\\U( t ^, S )P( S )xr 

< o 2 (a)e-'( t -*J(t- a )-° , ||a:|| ) 

\U(t,s)P{s)x\\ t a < c(a){t - s)- Q e-5 ( *- s) ||x|| for t > s. 



and hence 



(«) 

\\U Q (a,t)Q(t)x\\' a < r(«)||C/ Q ( S; £)Q(£)x|| 1 -"||A( s )c7Q( Sl t)Q(£)x|r 

< r( a )||^ Q ( S ,t)Q(t)x|| 1 -"||A( S )g( S )C/ Q (s,i)g(£)x|r 

< r(a)||t^( a ,i)Q(i)a:|| 1 - '||A( a )g( a )|r||trg(«,i)Q(i) a :|| Q 

< r(a)^e- 5 ( t -^( 1 - a )||A(s)Q(s)|| Q e- 5 ( t -^ Q ||a;|| 

< m{a)e- 5 ^\\x\\. 

In the last inequality we have used that ||A(s)<5(s)|| < c for some constant c > 0, 
see e.g. [40j Proposition 3.18]. □ 

In addition to above, we also need the following assumptions: 
(H.2). There exists < a < f3 < 1 such that 

X^ = X Q and X*j = X p 

for all t 6 M, with uniform equivalent norms. 

HO < a < f3 < I, then we let k(a) denote the bound of the embedding X^ '—t X Q , 
that is, 

||u||a<*(a)N||8 

for each u € X^. 

Hypothesis (H.3). The evolution family U generated by A(-) has an exponential 
dichotomy with constants N, 5 > and dichotomy projections P(t) for t £ 1, 
Moreover, € p(A(t)) for each t GM. and the following holds 

(2-9) sup \\A{a)A- 1 (t)\\ B ^ ) <c . 



Remark 2.3. Note that Eq. (|2.9[) is satisfied in many cases in the literature. In 
particular, it holds when A(t) = d(t)A where A : D(A) C X (->• X is any closed linear 
operator such that G p(A) and d:Ri->K with inf \d(t)\ > and sup \d(t)\ < 00. 
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2.3. Weighted Pseudo Almost Periodic Functions. Let BC(R, X) (respec- 
tively, £C(Rx Y, X)) denote the collection of all X- valued bounded continuous func- 
tions (respectively, the class of jointly bounded continuous functions F:RxYh> 
X). The space i?C(R, X) will be equipped with the sup. Furthermore, C(R, Y) 
(respectively, C(R x Y, X)) denotes the class of continuous functions from R into Y 
(respectively, the class of jointly continuous functions F:lxYi->I). 

Let U denote the collection of all functions (weights) p : R i->- (0, oo), which are 
locally integrable over R such that p(t) > for almost each t G R. Throughout the 
rest of the paper, if p G U and T > 0, we use the notation 

m(T,p) := J p(t)dt. 

As in the particular case when p(t) = 1 for each t G R, we are exclusively interested 
in those weights, p, for which, lim m(T,p) = oo. The notations Uoo, Us stands 

T— >oc 

for the sets of weights functions 

Uoo := 1 P € U : lim m(T,p) = oo and liminf p(t) > > , 

Us := {p £ Uoo : P is bounded} . 
Obviously, UjC Uoo C U, with strict inclusions. 

Definition 2.4. A function / G C(R, X) is called (Bohr) almost periodic if for each 
e > there exists 1(e) > such that every interval of length /(e) contains a number 
r with the property that 

||/(i + r) - f(t)\\ < e for each tel. 

The number r above is called an e -translation number of /, and the collection of 
all such functions will be denoted AP(X). 

Definition 2.5. A function F G C(R x Y, X) is called (Bohr) almost periodic in 
t G R uniformly in y G Y if for each e > and any compact K C Y there exists Z(e) 
such that every interval of length 1(e) contains a number r with the property that 

\\F(t + r,y) - F(t,y)\\ <e for each t G R, y £ K. 

The collection of those functions is denoted by AP(Y, X). 

To introduce those weighted pseudo almost periodic functions, we need to define 
the "weighted ergodic" space PAP (&, p). Weighted pseudo almost periodic func- 
tions will then appear as perturbations of almost periodic functions by elements of 
PAP (X,p). 

Let p G Uoo- Define 



PAP (X,p) :={/eflC(R,X): lim — ^— f ||/(a)|| dtr = i . 

j T^oo m(T,p) J_ T J 

Obviously, when p(t) = 1 for each t G R, one retrieves the so-called ergodic space 
of Zhang, that is, PAP n (X) 7 defined by 



PAP Q (X) := j/ G B<7(R,X) : ^ ^ |^ ||/(a) 



rfcr = 
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Clearly, the spaces PAPo(X,p) are richer than PAPo(X) and give rise to an en- 
larged space of pseudo almost periodic functions. In Corollarv l2.17l some sufficient 
conditions on the weight p G Uoo are given so that PAp)(X, p) — PAPq(X). 

In the same way, we define PAPo(Y, X, p) as the collection of jointly continuous 
functions F:1x¥h>I such that F(-,y) is bounded for each y G Y and 

rT 



Urn — ^— / \\F(s,y)\\p(s)ds = 



uniformly in compact subset of Y. 

We are now ready to define the notion of weighted pseudo almost periodicity. 

Definition 2.6. (Diagana) Let p G Uoo- A function / G PC(R,X) is called 
weighted pseudo almost periodic if it can be expressed as / = g + (j), where g G 
AP(X) and <f> G PAPo(X, p). The collection of such functions will be denoted by 
PAP(K,p). 

Remark 2.7. 

(i) The functions g and <fi appearing in Definition 12.61 are respectively called 
the almost periodic and the weighted ergodic perturbation components of 
/• 

(ii) Let p G Uqo and assume that 

p{s + T)~ 



(2.10) limsup 
and 

(2.11) limsup 

T-s-oc 



P(s) 
m(T + r, p) 



< oo 



< CO 



m(T, p) 

for every r G R. In that case, the space PAP(X, p) is translation invariant. 

In this paper, all weights p G Uoo for which PAP(X, p) is translation-invariant 
will be denoted Uj,™. Obviously, if p satisfies both Eq. ([2~TUj) and Eq. (|2~TT1) . then 
peUjr. 

Theorem 2.8. |31j -Fia; p G Uq™". The decomposition of a weighted pseudo almost 
periodic function f — g + <p, where g G AP(X) and 4> G PAPq(K, p), is unique. 

Lemma 2.9. Let p G Up™. T7ien i/ie space (PAP(X, p), || • ||oo) *s a Banach space. 

Definition 2.10. (Diagana) A function F G BC(R x X,Y) is called weighted 
pseudo almost periodic if F = G+$, where G G AP(X, Y, p) and $ G PAP (X, Y, p). 
The class of such functions will be denoted by PAP(X, Y, p). 

Proposition 2.11. LetpeV^. Let f G PAP (M, p) and 5 G i x (R). Thenf*g, 
the convolution of f and g on R, belongs to PAPq(R, p). 

Proof. From / G PAP (R,p) and 5 G L 1 (R) it is clear that / * g G 
Moreover, for T > we see that 

T r +oc ( y r T 



\{f * g){t)\p{t)dt < I \g^ 8 )\\- 7 —^l \f(t-s)\p(t)dt}ds 

T 



A T iP)J~T J-ao \m{T,p)J_ 

\g(s)\(f> T (s)ds 



•) 
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T 



where (f> T (s) = / \f(t - s)\p(t)dt. 

m{T,p) 7_ T 

Since PAP (M., p) is translation invariant, it follows that 4>t(s) h- > as T h-> oo. 
Next, using the boundedness of T (|0 T (s)| < ||/||oo) an d the fact that g 6 i 1 (R), 
the Lebesgue dominated convergence theorem yields 

/+oo 
\g(s)\(p T (s)ds = 0, 

which prove that f*g& PAP (R, p). □ 

It is clear that if h G AP(R) and tp G L X (K), then the convolution /i*f/>e AP(R). 
Combining those results one obtains. 

Corollary 2.12. Let p G V l nv and let f G PAP(R, p) and g G L X (R). ITien / * g 
&eZon#s to PAP(R,p). 

Example 2.13. Let p G Uft™. Define the function W(-) by 

/OO 
K(x-y)f(y)dy, 
-OO 

where # G £ 1 (M) and / G PAP(R, p). Then W G PAP(R, p), by Corollary CHI 

If G PAP(X, p) and let A G R, then / + Xg is also in PAP(X, p). Moreover, 
if |/(-)| is not even and t -4 G L°°(R) then the function /(*) := /(-*) for 

t G R is also in PAP(X, p). In particular, if p is even, then / belongs to PAP(X, p). 

Definition 2.14. Let pi, p 2 G Uoo- One says that pi is equivalent to p 2 and denote 
it pi -< p2, if the following limits 



lim inf — (t) and lim sup — (t) 

t^oo p 2 j^oo p x 



arc finite. 



Let pi, P2, P3 G Uoo. It is clear that p\ < p\ (reflexivity) ; if pi -< P2, then p 2 ~< pi 
(symmetry); and if p\ < p 2 and p 2 < P3, then pi -< p 3 (transitivity). So, -< is a 
binary equivalence relation on Uoo . The equivalence class of a given weight p G Uoo 
will be denoted by p = {w G Uoo : P w }- It is then clear that 

Uoo- (J P. 

Theorem 2.15. If pi,p 2 G p, i/ien PAP (X,p 1 ) = PAP (X,p 2 ). 

Proof. From pi -< p2, there exist constants K,K',Tq > such that K'p 2 (t) < 
Pi(f) < Kp 2 (t) for each |t| > T . Consequently, for T > T , 

/" T f T ° Pii s ) f T ° f T Pi( s ) 

m(T,pi)= / pi(s)ds < / — ^-P2(s)ds+ / pi(s)ds + / — rT p 2 (s)ds 

7-T 7-T P2(s) J_To ./To P2(SJ 

-To /-To /-T 



/ — J o /• i p J 

p 2 (s)ds + / pi(s)ds + i^ / p 2 (s)ds 
-T J-Tn ^Tn 



-T J -T 

< / pi{s)ds + Km(T, p 2 ), 

-To 
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and hence 



J s < ^t , T > T . 

m(T,p 2 ) 



m(T,pi) - I pi{s)ds 

-T 



Similarly, one can show that 



' < , T > T . 



m(T, Pl ) 



K'(m(T,p 2 )- f ° p 2 (s)ds) 

J —Tn 



Let (j) E PAPq(X, p%). In view of the above it easily follows that for T > Tq 

i r T 

1 1 ' "^[l (-) (s)p 2 (s)d S + — \\d>(s)\\ Pl (s)ds 



m(T,pi)J_ T \p 2 J ™>(T,pi) 

■ r u(s)w (-) (s) P2 (s)ds 

J T \P2j 



To 



m{T,px) J To 

^ W \ I ° U{s)\\ P 2{ S )ds + 1 / ° U{s)\\ Pl {s)ds 
m[T,pi) J_ T rn(T,pi) 



t 



K " T 



m(T,pi) J Tq 



( />(s)\\P2(s)ds 



: ^-Txb / T U(s)\\p 2 (s)ds+ 1 [ T ° U(s)\\ Pl (s)ds, 

, s , \ J-t ™-{T,pi) 



K'(m{T,p 2 )- p 2 {s)ds) 

J — To 

which yields 



1 ' T 



lim . r / U(s)\\ Pl (s)ds = 0, 
Thkx> m(i , pi) J_ T 

and hence PAP (X, p 2 ) C PAP (X, pi). Similarly, one can show that PAP (X, p{) C 
PAP (X, P2 ). ' □ 

In view of the above, the proof of the next corollary is quite immediate. 

Corollary 2.16. If p x -< p 2 , then (i) PAP{X, Pl +p 2 ) = PAP{X, Pl ) = PAP{X,p 2 ), 

and (li) PAP(X, — ) = PAP(X, —) = PAP(X, 1) = PAP(X). 
P2 Pi 

Another immediate consequence of Theorem l2.15l is that PAP(X, p) = PAP(X, p) . 
This enables us to identify the Zhang's space PAP(K) with a weighted pseudo al- 
most periodic class Pj4P(X, p). 

Corollary 2.17. If p 6 U B , then PAP(K,p) = PAP(X, 1) = PAP(X). 

Theorem 2.18. Let p e V^, F e PAP(X,Y,p) and h G PAP(Y,p). Assume 
that there exists a function Lp : 1 h> [0, oo) satisfying 

(2.12) \\F(t,z 1 )-F(t,z 2 )\\ Y < L F (t)\\zi-z 7 \\, WeR, Vz ljZ2 eX. 

// sup Lp(t) = Lao < oo, then the function t i— > F(t,h(t)) belongs to P/1P(Y, p). 
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Proof. Assume that F = Pi + ip, h = hi + h 2 , where Fi G AP(X,Y), ip G 
PAP (X, Y), hi G AP(X) and h 2 G PAP (X). Consider the decomposition 

F(t,h(t)) = Fi(t,hi(t)) + [F(t,h(t))-F(t,hi(t)))]+tp(t,hi(t)). 

Since Fi(-,/n(-)) G AP(Y), it remains to prove that both [F(-, /i(-)) -F(-, hi (•)))] 
and <p(-, hi(-)) belong to PAP (Y). Indeed, using the assumption on Lp it follows 
that 

t 1 rT 



\\F(t,h(t))-F(t,hi(t)))\\ Y p(t)dt < 37^/ M*)IM*)IIP(*)<ft 

T 
T 



m(T,p)J_ T " ^' w ' ^' ^,„u^w - m(7>) 

which implies that [F(-, h(-)) - F(-, hi (•)))] GPAP (Y,p). 

Since /ii (R) is relatively compact in X and Pi is uniformly continuous on sets of 
the form R x K where K C X is a compact subset, for e > there exists < 5 < e 
such that 

\\Fi{t,z)-Fi{t,z)\\ Y <e, z,z€hi{R) 
for every z, z G /ii(R) with \\z — z\\ < S. Now, fix zi, . . . , z n G /ii(R) such that 

n 

/ii(R) G \jB s {zi,Z). 

i=l 

Obviously, the sets Ei = h^ 1 (Bs(z i )) form an open covering of R, and therefore 
using the sets 

Bi=Ei, B 2 = E 2 \Ei, and B t = E t \ jj P J; 

one obtains a covering of R by disjoint open sets. 
For t G Bi with G B$(zi) 

Mt, hi(t))\k < \\F(t, hi(t)) - F(t, Zi)\\ Y + || - Fi(t, hi(t)) + Fi(t, Zi)\\ Y 

+ \\-<p(t,Zi)\\ Y 

< L F (t)||/»i(t)-« i ||+e+|| ¥ j(t,« i )|| Y 

< L F (t)e + e+\\<p(t,Zi)\\ Y . 

Now 

— \— j \\y{t,hi{t))hp{t)dt < —L-f^f \\<p(t,hi(t))\\ Y p(t)dt 
m{T, p) J_ T m(T, p) J s i n[— t,t] 



< 



1 ' T 



w(T, p) J_ T 



sup Lp(t)e + e 



p(t)dt 



In view of the above it is clear that ip(-, hi(-j) belongs to PAPo(Y, p). □ 
Corollary 2.19. Let f G PC(R x X, Y) satisfying the Lipschitz condition 
\\f(t,u)-f{t,v)\\<L\\u-v\\ Y for all u,v eY, tel. 
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(a) If he PAP(Y, p), then f(;h(-)) e PAP(X,p). 

(b) Let p uP 2 G Uoo with p 2 G pi. If f G PAP(Y, X, pi) and h G PAP(Y,p 2 ) ) 
thenf{;h{-))€PAP (X, Pl ). 

(c) If p £ Ub, / G PAP(Y,X,p) and /i G PAP(Y,p), i/ien /(•>(•)) G 
PAP(X). 

3. Main results 

Throughout the rest of the paper we denote by ITi, Ta,^, and T4, the nonlinear 
integral operators defined by 

(Tiu)(t):= / A(s)LT(t )S )P( s )/( S) P( s ) u ( s ))d S) 

J —OO 

/OO 
A(s)#o(t,a)Q(a)/(«,fl(a)u(«))ds, 

(r 3 u)(t) := / f7(i,s)P(s) 5 (s,C(s)u(s))ds, and 

OO 

/OO 
U Q (t,a)Q{a)g(8,C{a)u{8))da. 

Moreover, we suppose that the linear operators B(t), C(t) : X Q t-» X for all t e M, 
are bounded and set 

tu:=max sup \\B(t)\\ B (x a ,X), sup || C(*) || s(x tt! x) • 
V tern ten J 

Furthermore, t M> B{t)u and t h-> C(t)u are almost periodic for each u G X Q . 

To study Eq. (jl.2l) . in addition to the previous assumptions, we require the 
following additional assumptions: 

(H.4) R(u,A(-)) G AP(B(X a )). Moreover, there exists a function H : [0, oo) H> 
[0, oo) with P 6 i 1 ^, oo) such that for every e > there exists 2(e) such 
that every interval of length 1(e) contains a r with the property 

\\A(t + T)U(t + T,s + T)-A(t)U{t,s)\\ B(XtXa) < eH(t-s) 

for all t, s G K with £ > s. 
(H.5) Let p G l^™ and let < a < (3 < 1. We suppose / : K x X ^ Xp 
belongs to PAP(X,X p ,p) while j:RxX^X belongs to PAP(X,X,p). 
Moreover, the functions /, g are uniformly Lipschitz with respect to the 
second argument in the following sense: there exists K > such that 

\\f(t,u)-f(t,v)\\ p <K\\u-v\\, 

and 

\\g(t,u)-g{t,v)\\<K\\u-v\\ 

for all u,!ieX and teR. 

To study the existence and uniqueness of pseudo almost periodic solutions to 
Eq. (|1.2[) we first introduce the notion of mild solution, which has been adapted 
from Diagana et al p~3j Defintion 3.1]. 
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Definition 3.1. A function u : K i-> X Q is said to be a mild solution to Eq. ()1 .2[) 
provided that the function s — > A(s)C7(t, s)P(s)f(s, B(s)u(s)) is integrable on (s, t), 
s — > A(s)U(t,s)Q(s)f(s,B(s)u(s)) is integrable on (t,s) and 

u(t) = -f(t,B(t)u(t)) + U(t,s)(u(s)+f(s,B(s)u(s)) 



A(s)U(t,s)P{s)f(s,B(s)u(s))ds+ / A(s)U Q (t, s)Q(s)f(s, B(s)u(s))ds 



t rS 

U(t, s)P{s)g(s, C(s)u{s))ds - J U Q {t 7 s)Q{s)g(s, C(s)u(s))ds 
for t > s and for all 

Under assumptions (H.1)-(H.2)-(H.3)-(H.5), it can be easily shown any mild 
solution to Eq. (|1.2j) satisfies 

«(*) = -f(t,B(t)u(t))- f A(s)U(t,s)P(s)f(s,B(s)u(s))ds 

J — OO 

A(s)J7 Q (t,s)Q(s)/(s,S(s)u(s))ds+ / U{t,s)P(s)g(s,C(s)u(s))ds 

J — OO 

C^(t,s)Q(s)s(«,C(a)u(«))ds 
for each Vt £ M. 

The proof of our main result requires the following key technical Lemma. 

Lemma 3.2. Under assumptions (H.l) — (H.3), if0<[i<a</3< 1 wrai/i 
2a > /i + 1, then there exist two constants m(a, /3), n(a, /z) > smc/i i/iai 

(3.1) || A(s)U Q (t, s)Q(s)x\\ a <m(a,p)e s ^ \\x\\ fort<s, 

(3.2) \\A(s)U(t, s)P(s)x\\ a < n{a, fi)(t - s)- Q e -3 ( *- s) ||ac||^, /or t > s. 

Proof. Let x G X^. Since the restriction of A(s) to R(Q(s)) is a bounded linear 
operator it follows that 

\\A(s)U Q (t,s)Q(s)x\\ a < ck(a)\\U Q (t,s)Q(s)x\\p 

< cfc(a)m(/3)e ,5(s - t) ||x|| 

< m{a,P)e S ^\\x\\ p 

for t < s by using Eq. ([2~8]) . 

Similarly, for each ieX^, using Eq. (|2.9|) . we obtain 

||A( S )C/(t,s)P( S )x|| Q = \\A(s)A(t)- 1 A(t)U(t,s)P(s)x\\ a 

< \\A(s)A(t)- 1 \\ B{% , %a) \\A(t)U(t,s)P(s)x\\ 

< c \\A{t)U(t,s)P{s)x\\ 

< c k\\A(t)U(t,s)P(s)x\\ a 

for t > s. 

First of all, note that \\A(t)U(t, s)|| B (x,x a ) < iV'(i- s) _ ( 1-0! ) for all i, s such that 
< i - s < 1 and a e [0,1]. 
Letting f — s > 1, we obtain 
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\\A(t)U(t,a)P(a)x\\ a = \\A(t)U{t,t - l)U(t - 1, s)P(s)x\\ a 

< \\A(t)U(t,t- l)|| fl(x , Xa )||[/(i - l,a)P{a)x\\ 

< JVJV'e'c-^-^llajlj 

= Kie-^- s \t - s) a {t - s)- a e-i^\\xy. 

Now since e" as t — > oo it follows that there exists 04(a) > 

such that 

\\A(t)U(t,s)P(s)x\\ a <c A (a)(t-s)- a e-i^\\x\\ 

and hence 

\\A{ S )U(t,s)P(s)x\\ a <c fcc 4 (a)(i- S )- Q e"3(*-) \\ x y 

for all i,s el such that t — s > 1. 

Now, let < t - s < 1. Using Eq. (|2.7[) and the fact 2a > p, + 1, we obtain 



IP 



m(t)^(t, fl )P( fl )i|| a - ||^)f/(i,i±£)t;(i±i, s )P( s ) a; || Q 

< ||A(t)C7(t,^)|| fl(x , Xa) ||C/(^ )S )P( S ) a; || 

< fc 2 ||^) f /(t,i±^)|| B(W ||C/(i±i )S )P( s ) :r || 

< fc2 ^(l_£)^ 1 c ( M )(i_i)^e-|(^)||x|| 

< ^(^^^(^-Vi^w, 

< CB(a, - a )«-i-M e -fC*— ) Harll^g 

Therefore there exists n(a,p) > such that 

||A(t)£/(t, s)P(«)a:||„ < n(a, p)(t - a )-" e -i<*-«) 

for all (,seK with i > s. □ 

In the rest of the paper we suppose that a, j3, p are given real numbers such that 
0<p<a<(3<l with 2a > p + 1. 

Lemma 3.3. Under previous assumptions, if p € Ug" 11 and u € Pj4P(X a ,p), i/ien 
C(-)u(-) e PAP(X,p). Similarly, B(-)u(-) G PAP(X,p). 

Proof. Let u G PAP(X a , p) and suppose tt = iti + u 2 where u\ G AP(X a ) and 
u 2 € PAP (X ai p). Then, C{t)u{t) = C(t) Ul (t) + C(t)u 2 (t) for all t 6 E. Since 
Mi G AP(X Q ), for every e > there exists Tq(e) such that every interval of length 
Tq(s) contains a r such 



Ul(t + t) — Ul(t) 

Similarly, since C(t) G AP(P(X Q ,X)), we have 
C(t + r) - C(t) 



e 

<2' <G 
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Now 



||C(i + T)«i(t + r)-C(i)«i(t)|| - 

\\C(t + r) Ul {t +r) - C(t) Ul (t + t)+ C(t) Ul (t + r) - C(t)ui(i)|| < 

|| [C(t + t) -C(t)]«i(t + T)|| + ||C(t)[«i(t + T)-Ui(t)]|| < 

|| [C(i + r) - C(i)] || B( x Q ,x) IM* + r) |U + ||C(t)|| B(XofX) || [u x (t + r) - u x (t)] || Q < 

(sup ||ui(i)|| c 



■ w 



and hence f (->• C(i)iti(t) belongs to AP(X). 

To complete the proof, it suffices to notice that 



1 



i(T,p) 



and hence 



C(t)U2(t) 



1 



dt < 



lim , 

T->oo m(T,p) J_ T 



m(T, p) 



C{t)u 2 {t) 



IM*)||a<ft 



dt = 0. 



□ 



Lemma 3.4. Under assumptions (H.l) — (H.5), the integral operators T3 and Ti 
defined above map PAP(X a ) into itself. 

Proof. Letue PAP(X a ,p). From LemmaGLlit follows that C(-)u(-) G PAP(X,p). 
Setting h(t) = g(t,Cu(t)) and using Theorem UTTS! it follows that h G PAP(X,p). 
Now write h = 4> + C where cj> G AP(X) and C G PAP (X, p). 
Now r 3 u can be rewritten as 

(T 3 u)(t) = [ U(t,s)P(s)(f>(s)ds+ [ U(t,s)P(s)((s)ds. 



Let 



*(*) 



t rt 

U(t,s)P(s)(f>(s)ds, and = / U(t, s)P{s)((s)ds 

—00 J —00 



for each tel. 

The next step consists of showing that $ G AP(X Q ) and IP € PAPo(X a ,p). 
Obviously, $ G AP(X a ). Indeed, since cf> G AP(X), for every e > there exists 
Z(e) > such that for every interval of length 1(e) contains a r with the property 



\\<f>(t + r) — <f>(t)\\ < £fi for each t G 



:l — a 



where p 
Now 



c(a)2 1 -«r(l -a) 
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— oo 
t 



— oo 

t 



U(t + T,s)P(s)(f>(s)ds- / U(t,s)P(s)<f>(s)ds 

-oo J —oo 

U(t + t, s + t)P(s + t)4>(s + r)ds - ( U(t, s)P{s)<p{s)ds 

i J — oo 

U(t +r,s + t)P(s + t) (j)(s + t) - 0(s)) ds 
+ I (u(t + T,s + T)P(s + T)-U{t,s)P{s))<t>(s)ds. 

J — oo 

Using [51153] it follows that 

|| [ (U(t + t,s + t)P(s + t) - U(t, s)P(s)) (f>{s)ds\\ c 
Similarly, Eq. (jlTf)) yields 

|| j U(t + T,s + T)P(s + T)^{s + T)-(f>{s)y s \\ a <e. 



< 2|H|oo ^ 



Therefore, 

||*(t + r)-$(t)|| a < + for each i e R, 

and hence, $ € AP(X Q ). 

To complete the proof for T 3 , we have to show that 6 PAP (X a , p). First, 
note that s h> f (s) is a bounded continuous function. It remains to show that 

1 f T 
lim — / \\^(t)\\ a dt = 0. 

Again using Eq. (|2.7|) it follows that 

— — - / \mt)\u(t)dt < / / s - a e-^\\at- S )\\p(t)d S dt 

m{T,p) J_ T m(T,p) J_ T J 



+oo ^ fT 



< c(a) s -<*e-^—— U(t-s)\\p(t)dtds. 
Jo m(T,p)J_ T 

Set 

r s(T) = —^—f \\C(t- S )\\p(t)dt. 

m ( T : P) J-T 

Since PAPq(X, p) (p 6 W nv ) is translation invariant, then t i-> £(t — s) belongs 
to PAP (X, to(T, p)) for each s e R, and hence 

lim — / T ||C(i-a)[|p(i)dt = 

T>->oo TO(i , p) J _ T 

for each s el. 

One completes the proof by using the well-known Lebesgue dominated conver- 
gence theorem and the fact T S (T) n- as T —> oo for each s£l. 
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The proof for F^u^) is similar to that of r3it(-). However one makes use of Eq. 
dHH) rather than Eq. (|2T7]) . □ 

Lemma 3.5. Under assumptions (H.l) — (H.5), the integral operators I\ and T 2 
defined above map P/1P(X Q , p) into itself. 

Proof. Let u G PAP(JL a ,p). From Lemma [3.31 it follows that the function t i-)- 
B(t)u(t) belongs to PAP(X). Again, using Theorem [2TTH1 it follows that = 
f(-,Bu(-)) is in PAP(Xp,p) whenever u G PAP(X a ,p). In particular, 

U\\oo,0 = sup\\f(t,Bu(t))\\ <oo. 

Now write -0 = </> + z, where w € AP(X,3) and z G PAPo(X ( g, p), that is, 
Tif/) = S(</>) + S(2;) where 

Zw(t);=f A(s)U(t,s)P(s)(f>(s)ds, and 

«/ — OO 

Ez{t):= I A(s)U(t,s)P(s)z(s)ds. 

Clearly, S(0) G AP(X a ). Indeed, since <f> G AP(Xp), for every £ > there exists 
1(e) > such that every interval of length 1(e) contains a r with the property 

\\cf)(t + T) -ct>(t)\\p <ev for each t G R 



where ^ 



(a,/i)4 1 " Q r(l - a)' 



E(j>(t + t) - Ecj)(t) = / A(s)U(t + T,s)P(s)(f>(s)ds A(s)U(t,s)P(s)<f>(s)d, 

J — oo J —oo 

)ds 



' A(s + r)U(t + t,s + t)P(s + t) U(s + r) - cp(sj) < 

— OO 

(,4(s + r)U(t + t, s + t)P(s + t) - A(s)U(t, s)P(s)) (p(s)ds 
Using Eq. (PHj) it follows that 

|| f A(s + T)U(t + T,s + T)P(s + T)U(s + T)-(f>(s)\ds\\ a <e. 

J — 00 

Similarly, using assumption (H.4), it follows that 

II f (A(s+r)U(t+T, s+T)P(s+ T )-A(s)U(t, s)P(s)) (f>(s)d S \\ a < eN'\\H\\ L i 

where HP^Hl 1 = / H(s)ds < oo. 
Jo 

Therefore, 

||H(0(t + r)-H(0)(t)|| Q < (l + tf'pr|| L i ||0Hoo)e 

for each t el, and hence S(</>) G AP(K a ). 

Now, let T > 0. Again from Eq. ([32]), we have 
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rT x 



™{T, p) j_ T m(T, p) 



Ez)(t)\\ a p(t)dt < — - / / \\A(s)U(t,s)P(s)z(t - s)\\ a p(t)dsdt 



T JO 



< f I s- a e-i s \\z(t- s)\\ p p(t)dsdt 



m(T, p) J_ T J 



< n(a,p). I hp^/ \\z(t-a)\\pp(t)dt 



1 " T 



Now 

lim — ^— / ||«(t- a) 11^)^ = 0, 
T^oc m(T,p) J_ T 

ast^z(i-s) e PAPoP^, p) for every s £ M (p £ U a nv ). One completes the proof 
by using the Lebesgue's dominated convergence theorem. 

The proof for T2u(-) is similar to that of Tiu(-) except that one makes use of 
Eq. d3U) instead of Eq. ([3T2]) . □ 

Theorem 3.6. Under assumptions (H.l) — (H.5) ; the evolution equation (|1.2p /ias 
a unique weighted pseudo almost periodic mild solution whenever K is small enough. 

Proof. Consider the nonlinear operator M defined on PAP(X a , p) by 
Mu(t) = -f(t,B(t)u(t))- f A{s)U(t,s)P{s)f(s,B(s)u(s))ds 

J — OO 

A(s)U Q (t,s)Q(s)f{s,B(s)u(s))ds+ / U(t,s)P(s)g(s,C(s)u(s))ds 

J — OO 

U Q (t,s)Q(s)g(s,C(s)u{s))ds 



for each t G R. 

We have seen that for every u G PAP(X Q ,p), /(•, B(-)u(-)) G PAP(X Pl p) C 
PAP(X a ,p). In view of Lemma 13.41 and Lemma 13.51 it follows that M maps 
PAP(*K a , p) into itself. To complete the proof one has to show that M has a 
unique fixed-point. 

Let v,w G PAP(X ai p) 



||ri(«)(t)-ri(«;)(t)|| a < n{a)K (t-s)- a e-i {t - s) \\B( S )v{s)-B(s)w{s)\\ds 

J -co 

ft 

< n(a)Km (t - s)- Q e^ (t - s) \\v(s) - w(s)\\ a ds 

J — OO 

nt 

< n{a)Kw\\v - wW^a / (t - s)- a e-§ {t - s) ds 

J — OO 

= 2 1 - 01 S*- 1 n{a)T(l - a)K td \\v - wW^a. 

Now 
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||r 2 («)(t)-r a (u;)(t)|| Q < m(a,p) J \\f(s, B(s)v(s)) - f(s, B(s)w(s))\\pds 

/+oo 
e 5(t ' s) \\B(s)v(s) - B(s)w(s)\\ds 

/+oo 
e s(t ~ s) \\v(s) - w(s)\\ a ds 

/+oo 
e s{t ~ s) ds 

= 5^ 1 m(a, (3)Kw\\v — u>||oo,a- 
Now for T3 and T4, we have the following approximations 

||r 3 («)(t)-r3H(t)||a < / \\U(t > s)P(s)\ g (s,C(s)v(s))-g(s,C(s)w(s))]\\ a ds 

J —OO 

ft 



< Kc(a) (t- s)- a e-2 {t - s >\\C(s)v{s) - C(s)w(s)\\ds 

J — oo 

pt 

< wKc{a) I {t- s^e-i^-^Wvis) - w(s)\\ a ds 

J — OO 

< Kwc{a)2 1 ~ a S"- 1 T(l - a)\\v - io||oc,«, 



and 



||r 4 («)(t)-r 4 (ti;)(*)||a < J m(a)e s ^\\g(s,C(s)v(s))-g(s,C(s)w(s))\\ds 

/OO 
m(a)^e' 5 (*- s )||C(s)w(s) - C(s)w(s)\\ds 

/OO 
e S{t ~ s) \\v(s) - w(s)\\ a ds 

/+oo 
e s{t ~ s] ds 

— K8~ 1 vjm(a)\\v ~ w\\oo t a. 

Combining previous approximations it follows that 

\\Mv - MwW^a < Kc{a, fi, /3, S, w) . \\v - w\\oo, a , 

and hence if K is small enough, then Eq. (jl.2p has a unique solution, which 
obviously is its only weighted pseudo almost periodic solution. □ 

Example 3.7. Let Vt C (N > 1) be an open bounded subset with regular 
boundary T = dQ and let X = L 2 (fl) equipped with its natural topology || • ||,L 2 (f2)- 
Let p m {t) = (1 + t 2 ) m where m G N. It can be easily shown that p m G U™" for 
each m G N with m = corresponding to the classical pseudo almost periodicity. 
Here we illustrate our abstract result by studying the existence of jO m -pseudo-almost 
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periodic solutions to the nonautonomous heat equation with gradient coefficients 

= a(t,x)Atp + G\t,c(t,x)Vtp > ), inRxJ] 

{ ip = 0, on M x T 

where the coefficients a,b,c : R x il m> R are almost periodic, and F,G : R X 
X Q h-> L 2 (Q) are p m -pseudo-almost periodic functions, where X Q = (L 2 (£l), Ho(0)n 
H 2 (fi)) Qi00 . 

Define the linear operator appearing in Eq. ()3.3j) as follows: 

A(t)u = a{t,x)Au for all u e D(A(t)) =Hj(0) ntf(fi), 

where a : R x SI h-> R, in addition of being almost periodic satisfies the following 
assumptions: 
(H.6) inf a(t, x) = mn > 0, and 

(H.7) there exists L > and < \l < 1 such that 

\a(t,x) - a(s,x)\ < L\s - 
for all t, s € R uniformly in x £ il. 
First of all, note that in view of the above, sup a(t, x) < oo. Also, a classical 

example of a function a satisfying the above-mentioned assumptions is for instance 

et 7 (i, x) = 3 + sin \x\t + sin7|x|t, 

where |a;| = {x\ + ... + x 2 ^) 1 / 2 for each x — {x\,X2, ■ ■■,xn) G ^ and 7 6 R \ Q. 
Take a > 1/2 and let /3, /i such that < /i < a < (3 with 2a > fi + 1. Setting 

B(t) = b(t,x)V and C(i) = c(i,x)V 

and using the embeddings Eq. ()2.4p . one can easily see that for each u £ X^, 



f 3.31 « 



<9t 



ft, a;) V<£ 



||B(i)t*||^(n) < ll&||oo||Vu|| £a(n) < ||&||oo||«||iij(n) 

= ll^l|oo||u||D(( w -A(t))°) 

< 4b\u\u\y 

and hence £(*) € 5(X^, L 2 (fi)). Similarly, C(t) G B(X^, L 2 (ft)). Moreover, be- 
cause of the almost periodicity of t 1— > b(t, x), c(t, x) uniformly in 2; G SI, one can 
see that for each w, G X^, 

t i-)- and t i-» C(i)w 

are almost periodic. 

Under previous assumptions, it is clear that the operators A(t) defined above are 
invertible and satisfy Acquistapace-Terreni conditions. Moreover, it can be easily 
shown that 

RL,a{;x)A)ip= -J—R(-^—,A)<pe AP(X a ) 
V / a(-.x) \a(-,x) / 



for each ip G L 2 (S1) with 



R 



(w, aAj 



< 



const. 
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Furthermore, assumptions (H.l) — (H.4) are fulfilled. 
We require the following assumption: 

(H.8) Let 0<fi<a<(3<l, and F, G : K x X„ h-> Xp be p m -pseudo-almost 
periodic in t G R uniformly in u G X a . Moreover, the functions F, G are 
globally Lipschitz with respect to the second argument in the following 
sense: there exists K' > such that 



F(t,<p)-F(t,1>) 



<K' 



and 



G(t,<p)-G(t,i/>) 



L 2 (Q) 



<K' 



L 2 (0) 



i 2 (n) 



for all 93, tp € L 2 (fi) and t 6 
We have 



Theorem 3.8. Under previous assumptions including (H.6)-(H.8), then the reaction- 
diffusion equation Eq. (13.3[) has a unique solution if G PAP(p rn , (L 2 (il), Hj(f2) n 
H 2 (0)) Q . oo ) whenever K' is small enough. 

Classical examples of the above-mentioned functions F,G :Ix X Q i-> L 2 (f2) are 
given as follows: 

it M t,^)- K ^ X) 



F 



G 



(t,c(t,x)i, 



f = 



l + |Vp| 
Kh(t,x 



and 



l + |Vv>| 

where the functions e,/i : R x 1] H- R are p m -pseudo-almost periodic in t G 
uniformly in x G fi. 

In this particular case, the corresponding reaction-diffusion equation, that is, 



d_ 

dt 



Ke(t, x) 



= a(i, x)A<y9 + 



i\7l(i, x) 



on 



x O 



x r 



{<p = 0, 

has a unique solution ip G PAP(p m , (L 2 (fl), Hq(£1) n H 2 (Sl)) Q OO ) whenever X is 
small enough. 
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